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It is proven that up to possible surface terms, the only no n- vanishing momentum- 
dependent amplitudes for the self-dual N=2 string in i?^'^ are the tree-level two and three- 
point functions, and the only no n- vanishing momentum-independent amplitudes are the 
one-loop partition function and the tree-level two and four-point functions. The calcula- 
tions are performed using the topological prescription developed in an earlier paper with 
Vafa. As in supersymmetric non-renormalization theorems, the vanishing proof is based 
on a relationship between the zero-momentum dilaton and axion. 
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1. Introduction 

In an earlier paper witii Vafa[|l|, a new topological prescription was described for cal- 
culating scattering amplitudes of N=2 strings, and was shown to be equivalent to the usual 
prescription. Because the topological prescription does not require N=2 superconformal 
ghosts or integration over U(l) moduli, calculations are considerably simplified. Further- 
more, this new prescription contains no ambiguities associated with the locations of the 
N=2 picture-changing operators. 

In the earlier paper |]T|, it was proven for the self-dual string in B?'^ that all 
momentum-dependent amplitudes vanish up to surface terms, with the exception of the 
three-point function. S However there exist indirect arguments that other amplitudes should 
also vanish. Since a (/-loop A^-point amplitude can be cut into an (A^ -f 2(7)-point tree am- 
plitude, one expects by "unitarity" arguments [Q] that a loop amplitude should vanish 
when the corresponding tree amplitude vanishes (since there are two time directions, the 
term "unitarity" should not be taken too literally). It was also argued by SiegelQ that 
spacetime-supersymmetry and Lorentz-invariance imply the vanishing af all loop ampli- 
tudes (note, however, that explicit calculations find the one-loop partition function to be 
non- vanishing) . 

In this paper, it will be proven that up to possible surface terms, the only non- 
vanishing momentum-dependent scattering amplitudes for the self-dual string in i?^'^ 
are the tree-level two and three-point functions, and the only non-vanishing momentum- 
independent amplitudes are the one-loop partition function and the tree-level two and 
four-point functions. This result appears to contradict an earlier one-loop calculation of 
the three-point function]^ and a two-loop calculation of the partition function which 
found non-vanishing amplitudes. A possible resolution of this paradox is that these am- 
plitudes can be written as integrals of total derivatives. It would be interesting to verify 
this fact with explicit calculations of the surface-term contributions in the topological pre- 
scription. Note that these calculations are possible since the topological prescription does 
not contain total-derivative ambiguities. 

The vanishing proof in this paper will use the fact that inserting a zero-momentum 
dilaton into a correlation function is related by picture-changing to inserting a zero- 
momentum axion. It is interesting that non-renormalization theorems for four-dimensional 

^ In an early version of the preprint, it was also claimed that certain momentum-independent 
amplitudes vanish. However the proof of this claim was incorrect since it ignored contractions 
between dzX^ and dzX^ . [|| 
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supersymmetric strings also use the zero-momentum dilaton and axion, which are re- 
lated to each other by spacetime-supersymmetry transformations. This suggests that 
the picture-changing operators, / G"*" and / (5+, can be thought of as twisted spacetime- 
supersymmetry generators, an idea that was first proposed in the earlier paper with Vafa. [|l|] 
For the self-dual string ||] in R^'"^, the worldsheet fields are the right- 

moving tp'^ and tp^ , and the left-moving tp'^ and tp^ Note that the SO(2,2) vector index 
is expressed as two SU(1,1) spinor indices, a and d, which take the values 1 or 2. In this 
notation, Xad = ^^.(^aa where 

SU(1,1) indices can be raised and lowered using the epsilon tensor in two dimensions. 
After twisting, the superconformal constraints are: 

L = ^9,x„,c>,x"^ + e"^^rc>,^+, (1.1) 
G+=tP+d,xl G+ = tP+d,xl, G-=tprd,xi G-=tprd,xl 

L=\d-.x^,d,x-' + e-^rd,i^+, 
G+^i;+d,xl d'^ = i;+d,xl Q- = i^r d,x\, ^" = 

which form a right-moving and left-moving twisted N=4 superconformal algebra. 

In the topological description of the N=2 string, the physical vertex operators contain 
U(l) charge (1, 1), are annihilated by / G"*", / G"*", / G"*", / G , and can not be written as 
j G^G^Q. or J G^G O for any O. They consist of the momentum-dependent state 

and the momentum-independent states V'^V'^- Note that since k-k = 0, /c^" is proportional 
to /c^" so there is only one momentum-dependent physical state. 

It will first be proven that except for the tree-level two and three-point functions, 
all momentum-dependent amplitudes must vanish up to surface terms. It will then be 
proven that except for the one-loop partition function and the tree-level two and four- 
point functions, all momentum-independent amplitudes must vanish up to surface terms. 
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2. Vanishing Theorem for Momentum-Dependent Amplitudes 

When there are momentum-dependent vertex operators, it was shown in reference 
l^that the (7-loop A^-point amplitude on a surface of instanton number {2g — 2 + N,2 — 
2g — A^) can be expressed as: 



„ 3g-3+N N-1 

^= n G-{fi,)G-{fi,) llMzr) e'^^-^'^^ (2.1) 

J Mr. „ 1 1 



3g-3+N N-1 

a 



det{ImT)\detuj^{vi)fY[G+{vj)G ( 



where are the Beltrami differentials and (pr is a physical vertex operator of U(l) charge 
(1,1) of the type described in the introduction. Note that G^ and G have no poles, so 
the amplitude is independent of the locations of the Vj's. 

The only amplitude that can not be expressed in this form is the tree-level two-point 
function since 3g — 3 + N < 0. In this case, the amplitude is given by 

As was shown in reference [|1|, amplitudes on surfaces of other instanton numbers 
(Ir, II) are related to A by 

where hkj^ = k]^ (note that hh — 1). Therefore A—0 implies that ^z^,/^ = for surfaces 
of all instanton numbers. 

The first step in proving that A vanishes is to insert a zero-momentum dilaton vertex 
operator into the amplitude. This vertex operator is given by d?z{dzX^dzX^) where 
the region of integration, O, covers the whole surface with the exception of small discs 
surrounding (U^, Vj, and Zr- As was shown in appendix B of reference |T^, this amplitude 
with the insertion is equal to 

j^dUaton ^^g^_Y^^^. (2.3) 

where g is the genus, d is the dimension (d = 4), and d/dk^ acts only on the /c's appearing in 
the exponential e^^'^ of the vertex operators, but not on the /c's appearing as factors in front 
of the exponential (for example, d/dk^{k^°"tpt)(^^'^''Pt)^^'^^ ~ ix^{k^""tpt)(^^'^''J^t)^^'^^)- 
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As discussed in reference , the term gd in equation ( |2.3|) comes from the contraction 
of dzX^ with dzX^ in the dilaton vertex operator. The term — Yl^=i ■ d/dkj, comes from 
writing the dilaton vertex operator as the surface term 

j d^zd^{x^d^x^) = \ j dzd^ix^x^") 

where the contour C surrounds the points fXi, Vj, and Zr- Since the operators at fXi and 
Vj only involve derivatives of x^, their surface terms vanish. However at Zr, the surface 
term contributes —{ikj. ■ x)(f)r = —kr ■ d/dkr4>r where the d/dk acts only on the kr in the 
exponential. 

Because the d^xia's and d^xia's in G~ , G~^, G , and G~^ can not contract with each 
other, they can only be contracted with the x^'s appearing in the exponentials of (pr, which 
bring down factors of Therefore J2r=i K-d/dKA = {{?,g-?,+N)-^g+{?,g-'i+N)+g)A. 
Since d = 4, equation (|2.3| ) implies that 

^dilaton _ _ 4^ _ 2N)A. (2.4) 

The next step in the proof is to show that = o. This is done by writing the 

integrand of the dilaton vertex operator in the form 

d^x^d^x^ = —{d^xiadzX^f^ - dzX2ddzX^i^) 

= ^((G+^r)a,x2^ - dzX2d{d'^^p). (2.5) 

In the first term of equation (|2.5|) , the G^ can be pulled of the i/'^ to encircle the 
vertex operator Vn{zn) = e^f^N-x{zN) ^ where possible surface terms are being ignored. Since 
(G+V/v) = —h{G~^VN) where kj^ = hkj^, the G~^ can be pulled back on the ifj^ to give 

— {-hG+i(j~)dsx^f^ = -h—dzX2ddzX^i^. (2.6) 

Similarly for the second term of equation (|2.5|), the G can be pulled onto Vat, replaced 
with —hG^, and returned to encircle t/j^ . This gives 

— —dzX2d{-hG i/j^) = h—dzX2ddzX2i, 

which cancels the contribution in equation ( |2.6| ). 

So we have proven that ^'^«^«*o"^=o, which implies that either {6—4g~2N) = or A=0. 
So besides the tree-level two-point function, the only possible non-zero amplitudes (up to 
surface terms) are when A^ = l,(7=lorA^ = 3,(7 = 0. But by momentum conservation, 
the one-point amplitude can not contain momentum dependence. So up to surface terms, 
the only non-vanishing momentum-dependent amplitudes for the self-dual string are the 
tree-level two and three-point functions. 
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3. Vanishing Theorem for Momentum-Independent Amplitudes 

It will now be proven that up to surface terms, all momentum-independent amplitudes 
must vanish except for the one-loop partition function and the tree-level two and four- 
point functions. As was shown in reference momentum-independent amplitudes can 
be written in the form 

3s-4+Af 

F{ur,Ul)= I W G- {fXi)G- (fii) J {fX3g-3+N)J {fi3g-3+N) (3.1) 
N g _^ 

JJ <^r[zr) det(/mr)| detcc;'=(^;OI^ fl G"'{yj)G^ {vj) 

where 

G^ = uj^d^x^^i;^ = u^G- - u^G' , G+ = = u^G+ - u^G+, 

G^ = u^d-.x^'^i^r = u[G~ - u^G-, G+ = u^d-.x^'^i^t = «f G'+ - u^g'^, 

and are SU(1,1) spinors which parameterize the choice of complex structure, (pr are 
momentum-independent vertex operators of the form 'i/'^'i/'^, and F{ur^ ul) is a polynomial 
of degree {4g — 4 + N, 4g — 4 + N) in {ur, ul) whose (8(7 — 7 + 2NY components give the 
scattering amplitude on a surface of instanton-number (/ij, II) where —4g — 4 -\- N < 
Ir, /l < 4(7 - 4 + iV. 

The only amplitudes that can not be expressed in this form are the tree-level two-point 
function and the one-loop partition function. In these cases, the amplitudes are defined as 
< 4>i{zi)(p2iz2) > and as Jj^^{J (PzJ{z)J{z))'^. 

Since F is invariant under the SU(1,1) subgroup of SO(2,2) Lorentz transformations 
which transform and but leave t/j^ and i/'^ invariant, F must be proportional to 
^^ab^R^L^Ag-A+N ^ It wiU uow be showu that the proportionality constant vanishes up to 
surface terms unless = 2 — 2(7 or = 4 — 4(7. 

The first step is to compute the effect of inserting the zero-momentum axion vertex 
operator 

Vab = 6"' / d^zid.Xaad^xt) (3.2) 

where bah = bba is the polarization of the axion, and the region of integration, O, covers 
the whole surface with the exception of small discs surrounding /Xi, Vj, and Zr. One can 
write the vertex operator as the surface term 

h'^'i [ d-z{Xaad,xl) - [ dz{Xaad,xl)) 

^ Jc Jc 
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where the contour C surrounds the points jii, Vi, and Zi. 



It is easy to check that this surface term transforms dzX^i^ 2babdzX^ in G and G+, 



transforms d^x^f^ ~2habdzX^^ in G and G , and leaves (j)r invariant. The amphtude 
with the axion insertion therefore satisfies the following identity: 

^™ ^ 2b^'eUu^^ - ^a^)A. (3.3) 
So the amplitude with an insertion of J zdzXiad^xl satisfies the identity 

A^ii = 2{u^d/du^ - u[d/du^)A. (3.4) 

Furthermore, since 



d zdzX2ddzXi = (3.5) 

- j d^zdzX^dzX^ ^\ j ^^^(^^^i«^^^2 + dzX2hdzXi), 
the amplitude with an insertion of / d'^zdzX2d.dzXi satisfies the identity 

j^dilaton+h^2 =-[gd+ {ufd/duf - U^d/du^ - u{d/du[ + U^d/du^)]A (3.6) 

where the term gd comes from the dilaton contribution as was explained in the previous 
section. 

But J d'^zdzXiadzxl is related by picture-changing to an insertion of / d'^zdzX2d.dzXi. 
In other words, / d'^zdzXiadzXl= G~W and / d'^zdzX2ddzXi= G~W where W = ip'^dzX^. 
As was shown in reference this implies that up to surface terms, 

dui du2 

Using equations ( ^.41 ) , ( |3.6| ) , and ( |3.7| ) , and the fact that A is proportional to (wf ^2 — 
u^u^y^-'i+N ^ jg straightforward to show that {2g - 2 + N){4g - 4 + N)A = 0. So the 
amplitude must vanish unless = 2 — 2(7 or = 4 — 4(7. 

Therefore up to surface terms, the only non-vanishing momentum independent ampli- 
tudes are the one-loop partition function and the tree-level two and four-point functions. 
It would of course be interesting to check if these results are spoiled by surface-term con- 
tributions. 
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